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We point out that the successful generation of the electroweak scale via gravitational instanton
configurations in certain scalar-tensor theories can be viewed as the aftermath of a simple require-
ment: the existence of a quadratic pole with a sufficiently small residue in the Einstein-frame kinetic
term for the Higgs field. In some cases, the inflationary dynamics may also be controlled by this
residue and therefore related to the Fermi-to-Planck mass ratio, up to possible uncertainties asso-
ciated with the instanton regularization. We present here a unified framework for this hierarchy
generation mechanism, showing that the aforementioned residue can be associated with the curva-
ture of the Einstein-frame target manifold in models displaying spontaneous breaking of dilatations.
Our findings are illustrated through examples previously considered in the literature.
I. INTRODUCTION AND SUMMARY
The seminal discovery of the Higgs field at the LHC
has left us with a perfect Standard Model (SM) of parti-
cle physics potentially valid up to energies well above the
Planck scale MP = 2.48 × 1018 GeV. At the same time,
it left unsolved one of the most mysterious puzzles in
particle physics: the so-called hierarchy problem.1 This
has two facets. The first one is the extreme sensitivity
of the Higgs mass to whatever happens above the elec-
troweak scale. Several ways of overpassing this difficulty
have been proposed in the literature. One of them is to
require new physics to appear around the TeV scale (e.g.
low-energy supersymmetry, technicolor/composite Higgs,
large extra dimensions, see for instance Refs. [2–4]). An-
other option is to postulate a dynamical relaxation mech-
anism, like the cosmological attractor scenario [5–8] or its
recent variants and generalizations [9, 10]. Alternatively,
one could require the absence of additional particle states
all the way up till the Planck scale [11–16]. Of course,
the long-standing question of what happens around and
beyond that point still remains. A priori, it is conceiv-
able that quantum gravity corrections may either turn
out to be negligibly small, or take care of the problem
completely [17, 18]. In addition, it might be the case
that the fundamental gravitational degrees of freedom
above MP are black holes [19], being their influence on
low-energy physics exponentially suppressed at least by
a Boltzmann factor proportional to the entropy [20]. We
will content here with assuming that, if such contribu-
tions are present to start with, the theory is liberated
from them in one way or another. This leaves us with
the second facet of the hierarchy problem: the origin of
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the 16 orders of magnitude difference between the elec-
troweak and the Planck scale.
Non-perturbative effects constitute a natural tool for
obtaining “small numbers,” especially in models with
negligible perturbative corrections. This possibility has
been advocated in certain scalar-tensor theories [21] and
generalized to scale-invariant models where the Planck
mass is generated by the spontaneous breaking of dilata-
tions [22, 23], showing explicitly that a second scale can
be dynamically generated by an instanton configuration.
This idea was recently extended to the Palatini formula-
tion of gravity [24].
In this short paper we generalize the findings of
Refs. [21–24], isolating the fundamental ingredients for
successfully generating the electroweak scale via instan-
ton effects. In particular, we argue that:
1. Any scenario able to bring the (conformal) SM
scalar sector at large Higgs values to the approx-
imate form
L√
g
≈ M
2
P
2
R − 1
2
M2P
|κc|
(∂Θ)2
Θ2
− V0 ,
with g the metric determinant, R the scalar cur-
vature, Θ ∝ h−1, h the Higgs field in the unitary
gauge and V0 an approximately constant potential,
will be able to generate a large hierarchy among
the electroweak and the Planck scale for sufficiently
large values of the inverse residue |κc|.
2. Provided that the scale V0 is compatible with the
COBE normalization [25], the inverse residue |κc|
controls also the inflationary observables. Conse-
quently, if the above splitting mechanism is op-
erative, inflation is intimately related to the elec-
troweak symmetry breaking, making a priori possi-
ble to infer the value of the Fermi scale from CMB
observations [24, 26].
3. The above reasoning holds true irrespectively of the
nature of the gravitational interaction. The differ-
2ence between metric and Palatini formulations boils
down to the pole structure of the Higgs kinetic term
in the large field regime and, in particular, to the
value of the inverse residue |κc|.
4. When single-field models involving the Higgs field
are embedded into a fully scale-invariant two-field
framework, |κc| becomes the curvature of the target
manifold at large field values. All previous consid-
erations continue to apply for a large class of models
displaying a maximally symmetric Einstein-frame
kinetic sector. However, unlike the single-field case,
the requirement of scale/conformal symmetry is not
enough for the successful implementation of the
proposed hierarchy generation in biscalar theories.
It is also important that no mass term for the Higgs
field is (classically) generated by the spontaneous
breaking of scale invariance.
Having identified the essence of the mechanism leading
to the generation of well separated scales, the approach
presented here opens up a new avenue for model build-
ing by rephrasing the usual hierarchy problem as a ques-
tion about the field-space geometry. Among other appli-
cations, this could lead to interesting synergies with α-
attractors [27–29] and superconformal field theories [30–
33].
II. HIGGS’ POLE STRUCTURE
The SM Lagrangian acquires conformal invariance
when the electroweak scale is set to zero. Let us con-
sider a non-trivial gravitational interaction on top of this
conformal sector, namely
L√
g
=
M2P + ξhh
2
2
gµνRµν(Γ)− 1
2
(∂h)2 − λ
4
h4 . (1)
Here ξh > 0 controls the strength of the Higgs coupling to
gravity and λ is the field’s quartic self-interaction. Note
that for the sake of generality, we have not identified
the connection determining the Ricci tensor Rµν(Γ) with
the Levi-Civita one. Nevertheless, we will assume it to
be symmetric (Γαβγ = Γ
α
γβ) in what follows, such that
the considered set of theories are torsionless (for non-
vanishing torsion scenarios, see e.g. Ref. [34]).
In order to simplify the analysis, it is convenient to get
rid of the non-minimal coupling to gravity by moving to
the so-called Einstein frame. This is achieved by consid-
ering a Weyl rescaling of the metric gµν → ω2gµν , with
conformal factor ω2 = (M2P + ξhh
2)/M2P . After some
trivial algebra, we get
L√
g
=
M2P
2
R− 1
2
γ(h)(∂h)2 − λM
4
Ph
4
4(M2P + ξhh
2)2
, (2)
with
γ(h) =
M2P
M2P + ξhh
2
(
1 +
6α ξ2hh
2
M2P + ξhh
2
)
, (3)
and α = 0 or 1 for the Palatini or metric formula-
tions, respectively. The essential effect of the Weyl
transformation is to transfer the non-linearities associ-
ated with the Higgs non-minimal coupling to the scalar
sector of the theory. While in the Palatini formula-
tion the connection—and consequently the Ricci tensor—
is inert under Weyl rescalings, this is not the case in
the metric scenario, where the dependence of the Levi-
Civita connection on the metric leads to an additional
contribution in Eq. (3). Introducing a variable Θ =
MP /
√
M2P + ξhh
2, we find that for field values relevant
for inflation (h≫MP /
√
ξh, or equivalently Θ≪ 1),2 the
Lagrangian (2) can be well approximated by
L√
g
≈ M
2
P
2
R− M
2
P
2|κc|
(∂Θ)2
Θ2
− λM
4
P
4ξ2h
(1−Θ2)2 , (4)
with
κc ≡ − ξh
1 + 6αξh
. (5)
The pole structure in the above allows for inflation, while
making the inflationary observables almost insensitive to
the details of the potential [28, 35–37] (for a review see
Ref. [38]). The spectral tilt and tensor-to-scalar ratio
ns ≃ 1− 2
N∗
, r =
2
|κc|N2∗
, (6)
depend only on the number of e-folds of inflation N∗,
dictated by the post-inflationary dynamics [39–42] and
the inverse of the residue at the inflationary pole at Θ =
0, namely
|κc| ≈
{
ξh Palatini ,
1/6 metric ,
(7)
where in the last step we have taken into account the well-
known restriction ξh ≫ 1 needed to generate the right
amplitude of primordial density perturbations [26, 42].
Note that this result unifies those in Refs. [43, 44].
Interestingly, the inverse residue (7) controls the Higgs
vacuum expectation value (vev),
〈h〉 ∼
∫
Dϕ h e−SE , (8)
with the path integral taken over all fields (including the
metric) and SE the Euclidean action of the theory.
After canonically normalizing the field as Θ =
exp(−
√
|κc| θ/MP ), this equation becomes roughly
〈h〉 ∼ MP√
ξh
∫
DϕJ e−W , (9)
2 A field redefinition Θ ∝ h−1 is convenient to highlight similarities
with the two-field scenarios considered in Section III, where the
inflationary region is restricted to a compact field range.
3with J the Jacobian of the transformation and
W = SE −
√
|κc|θ(0)
MP
. (10)
Note that without loss of generality, we have taken the
(instantaneous and localized) source of the scalar field to
be at the origin of coordinates.
Assuming the dominant contribution to Eq. (9) to be
determined by the extrema of W after regulating the
theory with an appropriate higher-dimensional operator
(cf. Appendix for details), the vev in the saddle-point
approximation becomes [21–24]
〈h〉 ∼ MP√
ξh
e−W(|κc|) , (11)
withW(|κc|) a function of the inverse residue |κc|, whose
precise expression is irrelevant for the present discussion.
It suffices to point out that it remains finite and that the
bigger the inverse residue |κc|, the larger the exponential
suppression. An accurate result accounting for the regu-
larization of the gravitational instanton can be obtained
by numerically solving the system of equations (27) in
the Appendix, as done in Refs. [21–24].
A simple inspection of Eq. (5) reveals that the value
of |κc| in the metric formulation (α = 1) is restricted
to an O(1) range, 0 < |κc| ≤ 1/6, meaning that a sat-
isfactory splitting between the electroweak and Planck
scales cannot be obtained in the most “vanilla”version
of this scenario. In order to reproduce the observed
hierarchy, one must inevitably modify the value of the
inverse residue at high energies. This can be done in
two ways. The first one is to change explicitly the
structure of the kinetic sector, as done for instance in
Ref. [21]. The second one is to work directly in the Pala-
tini formulation, where |κc| ≈ ξh and W(|κc|)≫ 1. This
change of gravity paradigm automatically translates into
a larger exponential suppression [24]. Note, however,
that, as seen from the unifying glass advocated here, the
distinction between these two approaches loses impor-
tance. Indeed, when written in the original frame (1),
the metric and Palatini formulations differ only by an
asymptotically scale-invariant higher-dimensional opera-
tor −3ξ2h2(∂h)2/(M2P + ξhh2), as those required for the
self-consistency of the metric effective theory about its
cutoff scale [45–47]. From this point of view, the Pala-
tini formulation could be understood as a particular low-
energy truncation of the unknown ultraviolet completion
of the metric theory, written in a convenient set of vari-
ables. The fact that the different approaches followed in
Refs. [21] and [24] were able to generate the required
hierarchy illustrates that the precise choice of higher-
dimensional operators to be included in the metric sce-
nario is actually not relevant. For instance, the inclusion
in the initial frame of any asymptotically scale-invariant
operator −3ξ2hn(∂h)2/(M2P + ξhh2)n/2 with even n ≥ 2
would produce the same effect as the operator differen-
tiating metric and Palatini formulations. The most rel-
evant ingredient, up to uncertainties associated with the
instanton regularization [21–24], is the effective value of
the inverse residue |κc| at large field values. Provided
this is large, the splitting of scales is guaranteed to take
place.
III. THE GEOMETRICAL PICTURE
Having understood the key role of the Higgs inverse
residue |κc| in the inflationary observables and the hier-
archy between the electroweak and Planck scales, we will
show now that it also has a nice geometrical interpreta-
tion.
As a warm up, let us extend the Lagrangian (1) by a
dilaton field χ, namely L ′ = L + Lχ, with Lχ/
√
g =
− 12 (∂χ)2. After performing the same Weyl rescaling we
did in the previous section, the kinetic sector of the the-
ory boils down to a non-linear σ-model,
L ′√
g
⊃ −1
2
γ(h)
(
(∂h)2 + (∂χ)2
)
, (12)
with Gaussian curvature
K = 1
2
γ′2(h)− γ(h)γ′′(h)
γ3(h)
. (13)
Here γ(h) is given by Eq. (3) and the primes denote dif-
ferentiation with respect to h. At large field values, the
Gaussian curvature (13) becomes approximately constant
and coincides, in Planckian units, with the quantity κc
in Eq. (5),
M2P K ≈ κc . (14)
In other words, the residue of the Higgs kinetic pole
is nothing else than the dimensionless curvature of
the Einstein-frame kinetic manifold. Being a two-
dimensional field space, this quantity completely de-
scribes the geometry.
Now that we have established the geometrical mean-
ing of κc, we can go further and show that the results
found in the single field case hold true also in more gen-
eral biscalar-tensor theories. Although our considera-
tions will be applicable well beyond a particular scenario,
we will focus here on the Higgs-Dilaton model as a proof
of concept [37, 48–54] (for a comprehensive overview,
see Ref. [55]). As compared to the previous example,
this scale-invariant scenario includes also a positive non-
minimal coupling of the χ field to gravity, which effec-
tively replaces the bare Planck mass MP in Eq. (1), i.e.
L ′√
g
=
ξχχ
2 + ξhh
2
2
gµνRµν(Γ)
− 1
2
(∂h)2 − 1
2
(∂χ)2 − λ
4
h4 .
(15)
Some comments are in order at this point. The at-
tentive reader will have probably noticed that we have
4not included a scale (and conformally) invariant term
χ2h2, leading to a non-vanishing expectation value for
the Higgs field after the spontaneous breakdown of scale
invariance, 〈h〉 ∝ 〈χ〉. The absence of this operator is
indeed crucial for the successful implementation of the
mechanism considered here and can be justified at dif-
ferent levels. First, an explicit Higgs-dilaton coupling
can be forbidden by requiring that the dilaton field χ
displays an exact shift symmetry in the matter sector,
broken only mildly by gravitational interactions. Inter-
estingly, this would also forbid the inclusion of a quartic
dilaton self-interaction leading to a cosmological constant
term when moving to the Einstein frame. Beyond sym-
metry restrictions, the presence of a quartic mixing term
could make the theory ill-behaved in the ultraviolet do-
main [36], motivating also its exclusion on the basis of
self-consistency. Finally, a situation of this sort might
arise naturally in more “exotic” scenarios such as the
Fishnet Conformal Field Theory [56], where it is indeed
possible to have spontaneous breaking of scale/conformal
invariance without generation of masses for the fields, at
least in the large-N limit [57].
Provided that the mixing term χ2h2 is absent by one
reason or another and that the renormalization proce-
dure respects the symmetries of the classical theory [13],
the Higgs mass cannot be generated perturbatively. The
graviscalar instanton discussed in the previous section
becomes then a viable option to induce the electroweak
scale. The detailed analysis carried out in Ref. [22],
revealed that it is indeed also possible to generate a
non-vanishing Higgs vev in the Higgs-Dilaton model via
this mechanism. To illustrate this result in our lan-
guage, it is again convenient to perform the Weyl trans-
formation gµν → Ω2 gµν with conformal factor Ω2 =
(ξχχ
2 + ξhh
2)/M2P . This yields the Lagrangian density
L ′√
g
=
M2P
2
R − 1
2
gµνγab∂µϕ
a∂νϕ
b − U(ϕ) , (16)
where we have organized the fields χ and h into a vector
ϕa = (χ, h) with a, b = 1, 2 and defined the Einstein-
frame potential U(ϕ) ≡ Ω−4V (ϕ). The field-space metric
in this expression
γab =
M2P
ξχχ2 + ξhh2
[(
1 0
0 1
)
+
6α
ξχχ2 + ξhh2
(
ξ2χχ
2 ξχξhχh
ξχξhχh ξ
2
hh
2
)]
,
(17)
is a straightforward generalization of the coefficient γ(h)
in Eq. (3). As before, the difference between the metric
and Palatini approaches is accounted for by the value of
α. The kinetic sector in (16) can be made diagonal by
introducing the variables [37, 53, 58] 3
Θ = |κ¯c| (1 + 6α ξχ)χ
2 + (1 + 6α ξh)h
2
ξχχ2 + ξhh2
, (18)
e
2
√
|κ¯c|Φ
MP =
|κc|
|κ|
(1 + 6αξχ)χ
2 + (1 + 6α ξh)h
2
M2P
, (19)
with κc defined in Eq. (5), and
κ¯c = κc|ξh→ξχ , κ = κc
(
1− ξχ
ξh
)
. (20)
In terms of these quantities, the Higgs-Dilaton La-
grangian reads [37, 53, 58]
L ′√
g˜
=
M2P
2
R˜− K(Θ)
2
(∂Θ)2 − Θ
2
(∂Φ)2 − U(Θ) , (21)
with
K(Θ) =
M2P
4Θ
(
1
|κ|(Θ − σ) +
1
|κ¯|(Θ− 1)
)
, (22)
U(Θ) =
λM4P
4 |κ¯|2 (1−Θ)
2 , (23)
and
κ¯ = κ|ξh→ξχ , σ =
κ¯c
κc
. (24)
Note that the kinetic function K in Eq. (22) has poles
at Θ = 0, σ and 1. The first two are potentially ex-
plored during inflation, with σ ∝ ξχ encoding the differ-
ences with the warm-up example above. The last one is
a “Minkowski” pole associated with the ground state of
the theory, namely 〈h〉 = 0, 〈χ〉 ≈ MP , or equivalently,
〈Θ〉 = 1 and 〈Φ〉 =MP /(2
√
|κ¯c|) log (1/(|κ|σ)).
A geometrical interpretation of the inverse residues |κ|
and |κ¯| can be obtained from the direct computation
of the Gaussian curvature of the target manifold (17),
namely
K = κ κ¯
M2P
κ(Θ− σ)2 + κ¯(Θ− 1)2
[κ(Θ− σ) + κ¯(Θ − 1)]2 . (25)
As clearly illustrated by this expression, |κ| and |κ¯| coin-
cide with the dimensionless curvature of γab around their
corresponding poles Θ = σ and Θ = 1.
Focusing on the field values relevant for inflation and
restricting ourselves to the phenomenologically allowed
limit ξχ ≪ ξh (σ ≪ |κ| ≃ |κc|) [49], the kinetic func-
tion (22) boils down to a quadratic pole structure rem-
iniscent of that found in the single field scenario (4),
namely
K(Θ) ≈ M
2
P
4|κc|Θ2 . (26)
3 Note that Θ is restricted to the interval σ ≤ Θ ≤ 1. In addition,
we chose an “exponential map” in order to highlight that Φ is
the Goldstone boson associated with the non-linear realization
of scale symmetry–the dilaton.
5The residue of this pole controls again the inflationary
observables in the corresponding limit [37, 58], as well
as the generation of the electroweak scale, cf. Eq.(11)
and the Appendix. As in the singe field case, the hierar-
chy 〈h〉 ≪MP cannot be achieved in the metric scenario
without appropriately modifying the kinetic sector of the
theory. This is again not the case in the Palatini formu-
lation, where the large value of the inverse residue |κc|
allows to obtain the desired mass splitting.
We finish this section by noting that the above results
can potentially be extended to a more general class of
models constructed on the basis of scale-invariance and
volume-preserving diffeomorphisms [59], provided that
they display the same ground state and a maximally sym-
metric Einstein-frame kinetic manifold at large field val-
ues [35, 53].
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APPENDIX: INSTANTON COMPUTATION
We present here some details on the graviscalar in-
stanton solution and its relation to the inverse residue.
Note that our analytical estimates should be taken with
a grain of salt, being necessary a numerical treatment in
order to extract quantitative results. In this regard, we
refer the reader to Refs. [21, 24].
Single field case—Our starting point is Eq. (10), with
the Euclidean action SE supplemented by a higher-
dimensional Einstein-frame operator β (∂θ)6/M8P becom-
ing dominant in the high-energy regime and taming an
unphysical field divergence at the origin.4 We empha-
size that this term is chosen here for illustration pur-
poses only. In particular, the considerations below are
also valid for more general higher-order operators [22].
As preferred by the symmetries of point-like sources,
we will assume the classical instanton configuration to
be O(4)-symmetric, such that the associated Euclidean
metric takes the form ds2 = f2(r)dr2 + r2dΩ3 , with r
the radial component and dΩ3 the line element of the
unit 3-sphere. Neglecting the contributions from the po-
tential and its derivative [21, 24], the rr-component of
the Einstein equations and the scalar field equation of
motion can be written as
3− 3 f2
r˜2
=
1
2
(∂r˜ θ˜)
2 +
5 β
f4
(∂r˜ θ˜)
6 ,
∂r˜ θ˜ +
6 β
f4
(∂r˜ θ˜)
5 = −
√
|κc| f
r˜3
,
(27)
with r˜ = rMP and θ˜ = θ/MP appropriate dimensionless
variables. These equations are supplemented by the flat
boundary conditions f(r˜) ∼ 1, θ˜(r˜) ∼ 0 at r˜→∞.
We will be mainly interested in the behavior of the sys-
tem (27) in the core of the instanton, located at distances
r˜ . r˜0 ≡ (β |κc|2)1/12, where the higher-dimensional op-
erator β(∂θ)6/M8P dominates. In this regime, the instan-
ton solution asymptotes, up to order-one numerical con-
tributions, to
θ¯ ∼ − log r˜0 ∼ − log
(
β |κc|2
)
,
f ∼ r˜4/50 β1/10 |κc|−3/10 ∼
(
β−1|κc|
)−1/6
.
(28)
Using these expressions one can easily show that the
Euclidean action evaluates to SE ∼
√
|κc|, which
in turn translates into a large exponent W(|κc|) ∼√
|κc|
(
log(β |κc|2)−O(1)
)
in Eq. (11) and a small Higgs
vev for a sufficiently large inverse residue |κc|.
Instanton in biscalar case—We turn now to the gen-
eralization of the above result to the two-field case; see
also Ref. [22]. In particular, we are interested in evalu-
ating the action W on the graviscalar instanton for the
Higgs-Dilaton scenario. The first step is to neglect the
low-energy pole at Θ = 1 in Eq. (21), such that the tar-
get manifold becomes maximally symmetric. In the limit
σ ≪ |κ| ≈ |κc|, the “temporal” component of the Ein-
stein equations and the equations of motion for the scalar
fields become respectively
3− 3f2
r˜2
=
Θ
2
(∂r˜ Φ˜)
2 +
(∂r˜ lnΘ)
2
8|κc| +
5β
f4
(∂r˜ Φ˜)
6 ,
Θ ∂r˜ Φ˜ +
6 β
f4
(
∂r˜ Φ˜
)5
= −
√
|κ¯c| f
r˜3
,
f
r˜3
∂r˜
(
r˜3
f
∂r˜ lnΘ
)
= 2|κc|Θ(∂r˜Φ˜)2 ,
(29)
where we have again neglected the contributions of the
Einstein-frame potential and its derivative and defined
the dimensionless variables r˜ = rMP and Φ˜ = Φ/MP .
As in the single-field case, Φ becomes singular inside
the instanton core r˜ . r˜0 ≡ (|κc|5κ¯c|−3|β|)1/12 in the ab-
sence of the higher-dimensional operator (β = 0). On the
other hand, we can approximate Θ ∼ σ there. Finally,√
|κ¯c|Φ˜ ∼ −
√
|κc| log(|κc|5|κ¯c|−3β) .
4 In the frame (1), this operator reads β0 (∂h)6/(M2P +ξhh
2)4 with β0 = β (ξh/|κc|)
3.
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